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Question 1 [20 marks} 
Consider a Leslie model of a population with two age groups, 0-1 month and 1-2 months, 
respectively. Assume that the fecundity rates of the first and second age group are 1 and 


10, respectively and that the survival rate from the first to the second age group is 60%. 
(a) Write out the Leslie matrix L for this model. 


(b) Find the inverse matrix of Z and hence determine the population vector one month 
ago if the current population consists of 300 individuals in the first age group and 60 


individuals in the second age group. 
(c) Find the eigenvalues and eigenvectors of L. 
(d) Which eigenvalue is dominating? Does the population becomes extinct, stays steady 


or grows? 


Question 2 [20 marks} 
The function f(x) = e® is defined by the power series 


Sa" ee lg? 
f(e) =) alte a a 
n=0 


(a) Show that this power series converges for any real number «. 


(b) Explain why f’(x) can be computed by term-by-term differentiation and show that 
f(z) = f(a). 


(c) Write out the third order Maclaurin polynomial of f(a) and its remainder term and 


show that a 
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Question 3 [20 marks} 
The curve given by the equation 
r = sin 30 


in polar coordinates is called trefoil. 
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(a) Sketch the trefoil. 
(b) Compute the area of one “leaf” of the trefoil. 
(c) Compute the arc-length of the spiral given by the polar equation r = e? for 0 < 6 < 
2: 
Question 4 [20 marks| 
(a) Solve the differential equation 
y'(z) + y(z) = 2 
and check you answer. 
(b) Solve the differential equation 


y" (x) + 4y(x) = cos 22. 


Question 5 [20 marks} 
Assume that the world population of blue whales has been modelled as a function P(t) 


of time that satisfies the logistic equation 
P'(t) = kP(t)(L — P(t)) 


with k = 4 x 10~" (per year) and L = 200,000. The whale population in 1972, when a 


moratorium was introduced, was 500. 
(a) Find the steady state solutions of this model and explain its meaning. 


(b) What would we estimate the population to have been in the year 2016, according to 
this model? 


(c) In what year would the population be expected to have reached 100,000, according 
to this model? 
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